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Abstract 
A digraph D is said to satisfy the condition O(n) ifd~-(u) + d r (v) >t n whenever uv is not an 
arc of D. In this paper we prove the following results: If a p x q bipartite tournament T is strong 
and satisfies O(n), then T contains a cycle of length at least min(2n + 2, 2p, 2q}, unless T is 
isomorphic to a specified family of graphs. As an immediate consequence of this result we 
conclude that each arc of a n x n bipartite tournament satisfying O(n) is contained in cycles of 
lengths 4, 6 ..... 2n, except in a described case. 
1. Introduction 
A p x q bipartite tournament T(X, Y, A) is an oriented complete bipartite graph 
with bipartition (X, Y) where ISl = p and I YI = q. I fx  and y are vertices of T, then we 
shall say that x dominates y if the arc xy is present. The number of vertices dominated 
by a given vertex v of T is called the outdegree of v, denoted ~ (v), and the number of 
vertices dominating v the indegree, dr  (v). T is said to satisfy the condition O(n), if 
d~ (u) + dr  (v) >/n where uv is not an arc of T. Using the condition O(n), Jackson [5] 
proved the result below on long cycles in bipartite tournaments. 
Theorem A (Jackson [Theorem 8]). Let T be a p x q strong bipartite tournament 
satisfying O(n). Then T contains a cycle of length at least 2n. 
Jackson's theorem is the best possible in some sense. To illustrate this we first 
consider a family of digraphs B(k l ,k2 .. . . .  kin) with vertex set K1 u K2 u -.. ~ Km 
such that [Kil = ki/> 1 (1 -%< i~< m) and arc set {xy lxeK i ,  yeK~÷~,  
i = 1,2 .. . . .  m(modm)}. For n even and k~ >1 n/2, i=  1,2,3, B(kl ,k2,k3,n/2)  satisfies 
Supported by Youth Science Foundation of Shanxi Province. 
1 The original name is Taiyuan Institute of Machinery. 
0012-365X/96/$15.00 © 1996--Elsevier Science B.V. All rights reserved 
SSDI 0012-365X(94)00273-8  
218 J. Wang~Discrete Mathematics 148 (1996) 217 225 
the condition O(n), and it contains no cycles of length greater than 2n. However, if we 
exclude the digraphs B(kl,  k2, k3, n/2) in the bipartite tournaments under considera- 
tion we may be able to improve a little on Theorem A. Specifically, in this paper we 
generalize Theorem A as follows: 
Theorem 1. Let T be a p x q strong bipartite tournament satisfying O(n). Then T con- 
tains a cycle of length at least 2 min {n + 1, p, q}, unless n is even and T is isomorphic to 
one of the graphs B(ka, k2, k3, n/2) for kl >>- n/2, i = 1,2, 3. 
Moreover, we apply this result o cycles of each length in bipartite tournaments. As
a consequence we obtain that every arc of a n x n bipartite tournament T satisfying 
O(n) is contained in cycles of all possible ven lengths, unless n is even, n i> 4, and Tis 
isomorphic to B (n/2, n/2, n/2, n/2). 
For convenience, we give some further definitions and notations. Other terms and 
symbols not defined here can be found in [3]. 
T(X, Y,A) denotes a bipartite tournament with bipartition (X, Y), vertex set 
V(T) = X w Y and arc set A(T). For v • V(T) and S ~ V(T), we define 
Ns (v) = {u e Sluv • A(T)  } 
and 
N~(v) = {u•S IvueA(T)} .  
If H is a subdigraph of T, we then write simply N/~ (v), N~ (v) and T - H instead 
of N~tu)(v), N~,m~(v) and T[V(T) -V(H) ] ,  respectively. We shall refer to 
dH (v) = [N~ (v)[ and d~ (v) = [N~ (v)] as the indegree and the outdegree of v in H. Let 
C = VlV2 ..... v2mv~, m >1 2, be a cycle in T. For a positive non-zero integer t, set 
Nc'(V)  = {v, • 
and 
+t Nc (v) = {vl • 
(t is taken modulo 
all x e X1, y•  Y~, 
C[ vi-, e N c (v)} 
C l v, +, e Nd  (v)}. 
2m). If X1 c X, Yx c Y and xyeA(T)  (resp. yxeA(T) )  for 
then we write X1~I I1  (resp. Y I~Xx)  or Y I~X1 (resp. 
Xx~) ' I ) .  If X l={X} this becomes x~ YI or Yl~=x.  For u, veV(T) ,  u £ v 
denotes N~ (u) = N~ (v) and N~ (u) = N~ (v). 
2. Main results 
We first prove a lemma before showing our main results. 
Lemma 2.1. Let C = vl v2 . . . . .  V2kV 1 be a longest cycle in a bipartite tournament T and 
P = uoul...um be a path in T -  C. 
(i) I f  T is strong, then T -  C is acyclic [5, Lemma 7], 
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(ii) [-2, Theorem 23 I f  dc (Uo) > O, d{ (urn) > O, then 
2dc(uo) + 2d{_(urn) + m-  1 (m is odd), 
]V(C)l~ ~2dc(uo)+ 2d~(urn)+m 2 (m is even), 
(iii) Nc (Uo) c~ N~'(urn) = 0 (1 <~ t <~ m, m + t is even), 
(iv) I f  m odd, then N c 1 (Uo) =~ N~ 1 (u,,), 
N+2tu  (v) I f  m >12 even, then Ncl(Uo) :~ c ~ m,. 
Proof  of (iii) (By contradiction). If vi~ Nc (Uo) c~ N~t(u,,), 1 ~< t <~ m, that is ViUo, 
umui+t ~ A(T), then we obtain the cycle 
P u {ViUO,UmVi+t} W C/{Vi+l,Vi+ 2. . . . .  vi+t- l} 
which is longer than C, a contradiction. 
Proof of (iv) (By contradiction). Assume that there are vi e Nc  i (Uo) and vj ~ N~ 1 (urn) 
such that vj vi ~ A (T). Then we have vl - ~ Uo, urn v~ + 1 e A (T). Without loss of generality, 
we may assume j > i. Put 
s = max{tlVtUo ~A(T), i -  1 ~< t < j} .  
Then v~uo, UoV,+2 e A(T). Further, we obtain vs+ ~u,, ~ A(T) by (iii). Hence, it is easy 
to see that 
C'  : v 1 . . . v  i _ 1/2ors+ 2 . . . v jv i . . .Vs+ l UraVj+ 1 "'" Vl 
is a cycle longer than C, a contradiction. 
Proof  of (v). Consider a path P' = uoul. . .  Urn-1" Since m >1 2 is even and therefore 
m-  1 >~ 1 is odd, by using the fact that N~2(urn) c_ N~l(u, ,_ l )  and (iv), the con- 
clusion of (v) follows. [] 
Proof  of Theorem 1. Let T(X, Y, A) be a p x q strong bipartite tournament satisfying 
the condition O(n). Since T is strong we can find a cycle C= VlV2""V2kVl of 
maximum length in T. Let P = UoUl ...urn be a longest path of T -  C. If m = 0 or 
k > n, then the desired result is obtained immediately. Assume therefore that 
m>~ 1 and k~< n, By Lemma 2.1(i) and the choice of P, it follows that 
N~ (Uo) w N~ (Urn) ~-- V(C) which implies dr  (Uo) + d~ (u,.) = dc (Uo) + d~ (u.,). Us- 
ing this equality and Lemma 2.1(ii) we obtain 
2n >/2k = [ V(C)[ ~> 2(dc (Uo) + d~ (Urn)) + m -- 2 
= 2(dr  (Uo) + d + (u,.)) + m - 2 
Note that u,,uo ~ A(T) and hence 
(*) 
dr (uo) + d~ (u.) 1> n (**) 
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It follows from (.)  and (**) that m -%< 2 and ]V(C)[ = 2n. We now consider two cases: 
Case 1: m = 1. It implies T-  C ~ B(k l ,kz) .  Consider an arc UoUl in B(kl ,kz) .  
Claim 1. For ViUo e A(T),  1 <~ i <~ 2n, Uo ~ {Vl-2,vi+2}. 
Suppose that for some i, say i = l, vi, vi+2 e Nc  (Uo). It follows from Lemma 2.1(iii) 
that vz ul, v4ul e A(T).  Also by considering vertex v2, it follows from Lemma 2.1(iv) 
that v2 ~ N~l(u l ) .  We now see that VEV3 ~A(T)  and vs ¢ N~ 1 (ul). On the other 
hand, we have v2 ~ K2 since UoUx2 e A(T)  for all ux2 e K2. It follows that 
d/(v2) = dc (v2) <<. n - d~ (ul) - 1 = n - d~ (ul) - 1 
which implies 
dT (V2) + d;  (ul) <~ n - 1. 
However, ul v2 ¢ A(T),  a contradiction. 
Claim 2. For ulvi ~ A(T),  1 <~ i <.% 2n, {vl-2,vi+2) ~ ut. 
This claim follows by reversing each arc of T and then using Claim 1. 
Combining Lemma 2.1(iii), Claims 1,2 and the condition dc (Uo)+ d~(u~)>>, n it 
follows that n must be even and therefore dc (Uo) = d~ (Uo) = dc (ul) = d~ (ul) = n/2. 
Without loss of generality, we may thus label the vertices of C in such a way that 
Nd (Uo) = {v,,  v~, . . . ,  v~,_ ~ }, 
a~ (Uo) -~- {/33, V7 . . . . .  V2n-1 }, 
Nc (u~) = {v2, v~, ..., v~.-z}, 
N~ (ul) = {v4, v8,.. . ,  V2n}. 
T E K1, uK2 6 K 2. Moreover, it is easy to see that UK, Z UO and UK~ ~ U~ for any UK, 
Using Lemma 2.1(iv), we obtain 
Claim 3. K,  u {v2,v6 ... . .  V2n-2} =~K2 • {v3,v7 ..... v2n-,}. 
Claim 4. {vl,vs ..... v2.-3} ~K1 u {v2,v6 ..... V2n-2}, 
K2 w {va,v7 .... ,v2n-1} ~ {v4, vs ..... v2n}. 
It follows from Claim 3 that 
Ni  (v... 2) =_ {Vx,V5 . . . . .  vz.-3}, 
N;(v4 i .3 )  ~- {v,,v8 .. . . .  v~,), 
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for all i, j = 0, 1 .... , (n/2) - 1. Hence, 
MT(V4i+2 ) ~ [{Vl,V 5 . . . . .  V2n_3} [ ~--- n/2, 
d~ (v4j+ 3) ~< I{v4, Vs . . . . .  v2,}l = n/2. 
Thus dr(vai+z)+d~.(v4j+3)<~n. However by Claim 3, v4j+3v4i+zeA(T) ,  and 
therefore 
dr (v4i+2) = d~ (v4~+3) = n/2 
which implies 
N;(v . ,+2)  = {vl,v  . . . . .  v2.-3}, 
N;  (v4j+ 3) = {v4, Vs . . . . .  Vz,}. 
This proves Claim 4. 
Claim S. {v,,v8, ...,Vz,} =~ {vl,v5 . . . . .  V2n-3}. 
By Claim 4, we have 
N;  {v1, 5 ..... 
=_ {v, ,  Vs . . . . .  vz.} 
for all i , j=O,  1 . . . .  , (n /2 ) -1 .  If the arc v4i+4v4j+x does not exist for some 
i, j, 0 ~< i, j ~< (n/2) - l, then 
d~ (v,1+ 1) ~< (n/2) - 1, dr  (v,i+4) ~< (n/2) - 1, 
a contradiction to the hypothesis that T satisfies O (n). 
It now follows from Claims 3-5 that 
T~B + k l ,~+ k2,~, . 
Case 2: m = 2. It implies T-  C ~ B(k~,k2,k3) /{K3 =,.K~}, IKil = k~ ~> 1 for 
i = 1,2,3. Consider a path P = UoU~U2 in T -  C. 
Claim 6. For viuo e A(T),  1 <~ i <~ 2n, Uo ~ {vi-2,v~+2}. 
Suppose that for some i, say i=  1, v~, v~+ 2e Nc  (Uo), that is V lUo, VaUo e A(T).  It 
follows from Lemma 2.1(iii) that v3u2, vsu2 e A(T).  Also by considering vertex v2, by 
Lemma 2.1(v), we have v2 =~ N~2(u2). On the other hand, using Lemma 2.1(iii) and 
the fact that UoUK2 e A(T)  for all ur~ e K 2 or Uo =~ K2, we obtain v2 =~ K2. Moreover, 
note that v2va e A(T), v3 ¢ N~2(U2) and I V(C)I = 2n, it follows that 
dT (V2) =dc  (v2) ~< n - dc (it2) - 1 
which implies 
dr (v2)+d +(uz)~<n-1 .  
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However, we can easily see that d[ (/'/2) = d~ (u2) and //2/)2 ¢ A(T), a contradiction. 
Claim 7. For u2vi e A(T),  1 ~ i ~ 2n, {vi- 2,vi+ 2} ~ u2. 
This follows immediately from Claim 6 by considering the tournament obtained by 
reversing each arc of T. 
Now, combining Lemma 2.1 (iii) and Claims 6, 7, we can conclude that n is even and 
therefore without loss of generality we may label the vertices of C in such a way that 
N~ (Uo) = N~ (u~) = {~,  v~ . . . . .  v2~_~}, 
N~ (Uo) = Nc (u~) = {v3, v~ ... . .  v~n_x }. 
By Lemma 2.1(iii), we obtain 
Nd (ul) = {v~, v~ ..... v~.-z}, 
N~ (u,)  = {v, ,  vs . . . . .  v~}.  
C la im 8. Kz ~ {v3,v7 . . . . .  v2n-x} ~ K3 w v,,,v8 . . . .  ,v2 ,}  ~ {Vx,V5 ..... v2~-3}, 
{Vl,/) 5 . . . .  ,V2n_3} ~ K 1 k..) {v2 ,v6 , - " , / )2n -2}  ~ K2 w {vs ,v7  . . . . .  V2n-1}. 
Define the cycle C~ = v4i+ 3 u2v,~+ 5"'v4~+ 3 obtained from C by replacing the arcs 
/)4i+304i+4, /34i+4V4i+5 by the arcs V4i+3U2, U204i+5, respectively, for all 
i = 0, 1 ..... (n/2) - 1. Since UoUxV4~+a is a path of length two in T-  Ci, v4i+4 r u2 
for i = 0, 1 ..... (n/2) - 1, Hence 
NT(V4i+4 ) = NT (U2)= K2 u {/)3,/)7 . . . . .  V2n-1}, 
N;  (v,, +,) = N;  (u2) = {vl ,  v5 . . . . .  v2,_ 3 }- 
T However, it is obvious that UK~ "" U2 for ur3 e K3. Thus we obtain the desired result. 
Similarly for C; = v4i+lUoV,i+3""v4i+l, i = 0, 1 ..... (n/2) - l, and ur, e K1, we can 
see that v4~+2 r Uo and UK, Z U0, SO the conclusion follows. 
We now see from Claim 8 that 
T~B ~+k~,~+k2,~+k3,  . 
The proof of the Theorem 1 is complete. [] 
Remark 1. Theorem 1 is, in a sense, the best possible. In fact, there exists a family of 
bipartite tournaments without cycles of length greater than 2 min {n + 1,p, q} = 
2(n + 1) which is not isomorphic to B(kx,k2,ka,k4)  and which satisfies condition 
O(n). This family of bipartite tournaments has vertex set KI w K2 u g 3 k) K4 w {u, v} 
with IK i l=n/2 ,  IKd>~n/2 ( i=2,3,4)  and arc set K 1 =>K 2 =~(g3u{u})  :::> 
(K4 u {v}) ~ K~/{uv} ~g {vu}. 
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From Theorem 1 we obtain the following series of corollaries. 
Corollary 2. A p x q strong bipartite tournament T of minimum indegree h and minimum 
outdegree k contains a cycle of length at least 2 min {h + k + l, p, q}, unless h + k is 
even and T is isomorphic to B(kl,kE,ka,(h + k)/2). 
Proof. Immediate. [] 
Corollary 3. Let T be a p x q strong bipartite tournament satisfying O(n). I f  p > n and 
q > n, then T contains a cycle of length at least 2n + 2, unless n is even and T is 
isomorphic to B(kx, k2, ks, k4) kl > n/2, k2 > n/2, k 3 >1 n/2 and k4 = n/2. 
Proof. Since p > n,q > n, 2 min{p,q,n + 1} - 2(n + 1), and therefore the conclusion 
follows. [] 
Corollary 4. A n x n bipartite tournament T satisfying O(n - 1), n > 2, is Hamiltonian, 
unless n is odd and T is isomorphic to 
n+l  n+l  n - -1  n - - l )  
B 2 ' 2 ' 2 ' 2- " 
Proof. It suffices to prove that Tis strong by Theorem 1. Suppose that Tis not strong 
and let Ba, B2 .. . . .  Bm (m >t 2) denote the strong components of Twith X(Bi) =~ Y(Bj), 
Y(Bi) =~ X(Bj) if i < j. Thus B1 contains a vertex v satisfying dr  (v) <~ [ V(B1)[/4, for 
otherwise 
I V(B1)] 2 V'~ Iv(8~)l 2 
< 2., aT(v) < ----V-- 
v~V (Bt ) 
a contradiction. By symmetry, Bm contains a vertex u satisfying d~ (u) ~< [ V(B,,)I/4. 
Therefore, 
dT (v) + d~ (u) ~ I V(B~ )[ + I V(B,.)I n 
4 ~<2" 
However, uv $ A(T) implies d~ (v) + d~ (u)/> n - 1. It follows that (n/2)/> n - 1, 
which implies n ~< 2, contradiction. [] 
Remark 2. Corollary 4 is the best possible in the sense that it becomes false if the 
condition O(n -  1) is relaxed. This can be shown by the bipartite tournament 
KI =*" K2 =~ (K3 t..; {u}) ~ (K,  w {v}) =~ K1/{uv} u {vu}, where [Kal = IK,[ = 
(n - 2)/2, [K21 = [K31 - n/2 and n is even. 
Remark 3. H/iggkvist and Manoussakis [4] have shown that a bipartite tournament 
is Hamiltonian if and only if it is strong and contains a factor. This is a quite useful 
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tool for proving the existence of Hamiltonian cycles in bipartite tournaments. Using 
this result Corol lary 4 is easily obtained. 
Corollary 5. Every arc of a n x n bipartite tournament T satisfying O(n) is contained in 
cycles of all possible even lengths 4, 6 ..... 2n, unless n > 2 and 
= '2 '2 '  
Proof. This is obvious for n = 2, so suppose that n > 2. Let uv be an arc of T and 
T '= T -  {u, v}. Clearly, T' satisfies the condition O(n - 2). If 
(n -2  n -2  n n )  
T~B 2 ' 2 '2 '2  ' 
then 
= '2 '2 '2  " 
So assume that 
2- ' 2 '2 '  " 
Hence, by Corol lary 4, T '  contains a Hamiltonian cycle, say 
C ~ V lV2""V2n-2V 1. 
If m denotes an integer, 1 -%< m -%< n - 1, set 
N+(2  ,n- 1)tv~ Bm=Nc(u)  c~ c , , ,  
where addition is taken modulo 2n - 2. Then we have Bm# 0 for otherwise 
dg(v )~<n-  1 -dc(u) ,  
which implies 
dc (u)+dg(v)~<n-  1. 
However, note that dc (u) = d~ (u), d~ (v) = d~- (v) and vu¢ A (T), a contradiction. 
Thus we may assume that vi e B,,, that is viu, vvi+2,,- 1 e A(T). Hence it is easy to see 
that 
Cm ~ ViUVVi+2ra- 1Vi+2m "'" Ui 
is a cycle of length 2 (n - re+l )  ( l~<m~<n-1)  containing uv. The proof is 
completed. [] 
Corollary 6 (Amar and Manoussakis [1], Manoussakis [6], Wang [7]). Every arc of 
a diregular bipartite tournament iscontained in cycles of all possible ven lengths, unless 
it is isomorphic to B(k,k,k,k), k > 1. 
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